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1. INTRODUCTION 
Let G be a graph; we denote by u(G), c(G), and p(G) the number of 
vertices of G and the maximal numbers of vertices of G that are included 
in a simple circuit or path in G. 
Following Zamfirescu [25], for positive integers j and k we shall denote 
by C,j the greatest lower bound of numbers v with the following property: 
There exists a k-connected graph G with u(G) = u such that for every 
choice of j vertices of G there exists in G a simple circuit of length c(G) 
that misses the j chosen vertices. We shall denote by P,j the similarly 
defined number dealing with paths of length p(G) instead of circuits, and 
by e,j and P,j the analogously defined numbers in case G is restricted to 
planar graphs. 
Various questions about these numbers were raised by Gallai [9, p. 3621, 
Sachs [9, p. 3681, and Walther [23]. Among the results known concerning 
them are: PI1 < 25 and C,l < 105 (Walther [23]; the reproduction in 
Chen [6, p. 351 of Walther’s graph that establishes PI1 < 25 is incorrect), 
C,l = 10 (see Remark 6 in Section 4), PI1 < 12 (T. Zamfirescu, private 
communication), Pzl < 34 (Thomassen [21]), Psl < 40 (Horton [16]), 
Cs2 < 220 (Walther [24]), P,l < 82 (Zamfirescu [25]), P,1 = c,l = 00 
(Tutte [22]). 
The aim of the present note is to establish the following results: 
THEOREM 1. c,l < 124 and P,l < 484. 
THEOREM 2. C,” < 90 and Ps2 < 324. 
Theorem 2 provides a negative answer to a problem of H. Sachs 
[9, p. 3681. 
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The next two sections contain the proofs of these results, while Section 4 
discusses the relation of the graphs considered here to hypo-Hamiltonian 
graphs and contains a number of remarks and problems. 
2. PROOF OF THEOREM 1 
Let G, denote the 3-connected planar graph with v(G,,) = 44 shown in 
Figure 1. This graph, discovered independently by Grinberg [12] and 
FIGURE 1 
W. T. Tutte (see Grtinbaum [13, p. 11451, Faulkner-Younger [I l]), does 
not have a Hamiltonian circuit; probably (see [IO], [l 11) it is the smallest 
3-valent, planar, 3-connected, cyclically-5connected non-Hamiltonian 
graph. A detailed investigation (see Table 1) shows that for each of 40 of 
its vertices there exists a simple circuit in Go missing only that vertex. It 
may also be checked that no circuit in G, misses only the vertex L, only 
the vertex Ki for one i, or only L and one Ki . However, there exist circuits 
in G, that miss precisely L and two of the three vertices Kc . One such 
circuit missing L, Kl, and K, is: A, B, , C, , D, , D, , C, , C, , D, , D, , 
E,,F,,E,,G,,H,,J,,H,,G,,G,,H,,J,,H,,K,,H,,J,,H,,G,, 
4 , F2 , E3 , G , G, , 4 , Fl , El , D, , Dz , C, , B, , C, , C, , B,. Therefore 
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TABLE 1 
Circuits in Go That Contain c(GJ = 43 Vertices 
Missed 
vertex Circuit 
A BCCBCDDEGGHJFEDDEGHK,LK,H,J,F,E5 116355666*11111222? 
G,H,K,H,G,E,F,J,H G E D D C B C C 333344232 
_____.- -- 
4 ABCDDCCD.EGGEFEGHJHKHJFEDCC 2443322223324442 3SPll1110 
&&F,J,H,GGHI&L K,ff&.&DsC,B, 
Cl A B,C,D,D,ElG,HlJlF,E,G2H2K3L K H G E F J H K H,J,H, 26663351 
GEFEGGEDDCBCCDDCB. 33244555663544332 
.___ __. 
& ABCCBCDDEGHJFEGHKLK,H,G,E,F,J,H,K, 1163556666335551 
HJHGEFEGGEDCCDDCB 32444233222233442 
4 ABCCDDEFEGGHKH,J=HGGEDDEFJHK 123344233223 44555663351 
L K,H,G,G,H,J,F,E,D D C C B C C B, El16354 
__ ~~~- 
Fl A B C C B C C D D E G H K L K,H,J1HlK,HGJ,F,E6G8G~El 232116655551 
D,D2E,G2GaH,J2H4G,E,F,E,D,D,C4C,B, 
G ABCCDDEFEGHJHGGEDDEFJHKLK,H, 1166553666355444332241 
J,HtK,HsG,G2E,F,E,D,D?C&3BzC4CjB3 
HI A B C D E F,J2H,G,G,E,FlJ,H,K,L K,H,J,F,E,G,H,K,H,G, 2 3 3 3 
EDGCDDE.GGEDDCBCCB 44456616111221165 
Jl A B,C,D,E,G,H,J,F,E D C C D D E F E G G 4445.5663554 H,K,H J H G 53 6 6 
G,H,K,LK,H,GEFEDDCBCCB 2 21112 2 116 3 
the graph Gi with zl(G,) = 124, derived from G, by replacing by a triangle 
each of the 40 vertices of Go labeled A, B, ,..., J3, satisfies c(G,) = 121, 
and each vertex of G, is missed by some circuit of Gi of length 121. 
Therefore C31 < 124, as claimed. 
Replacing in the complete graph with 4 vertices each of the vertices by 
a copy of G1 “opened up” at A (by deleting the three vertices into which A 
was split) yields a graph G, with u(G,) = 484. It is easily verified that 
p(G,) = 478, and that every vertex of Gz is missed by a suitable simple 
path of length 478. This completes the proof of Theorem 1. 
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3. PROOF OF THEOREM 2 
The Petersen graph H, (shown in Figure 2) satisfies 
c(H,) = 9 = U(H”) - 1, 
and every vertex of H,, is missed by a suitable circuit with 9 vertices. 
Denoting by H1 the Petersen graph “opened up” at one of its vertices (see 
Figure 3), let Hz be the graph with v(H,) = 90 obtained by replacing 
each vertex of H,, by a copy of HI . Then each longest circuit in H2 com- 
pletely misses one copy of HI , and misses precisely one vertex in each of 
the remaining 9 copies of HI, so that c(H,) = 72. We shall show that 
each pair of vertices of Hz is missed by some longest circuit of H2 . This 
is clear if the two vertices belong to the same copy of HI , which is then 
taken as the one missed by a longest circuit. If the two chosen vertices 
belong to different copies of HI , we note that a certain attachment edge 
must be used if the circuit passes through the copy and the chosen vertex 
is one marked in Figure 3 by a hollow circle, while one attachment edge 
FIGURE 2 
FIGURE 3 
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may not be used (and the other two must be) if the circuit passes through 
the copy of H1 and the chosen vertex is one of those marked by a full 
circle. This poses no problems in the choice of the required longest circuit 
except if a “mandatory edge” is also a “forbidden edge.” In that case we 
choose (as we may) the longest path so as to miss completely that copy of 
ZY1 which contains the vertex making the edge in question mandatory. 
This completes the proof of the first assertion of Theorem 2. The second 
part follows similarly (only there are a few more cases to be considered); 
the graph H3 used to establish it is obtained by first replacing each vertex 
of the complete graph with 4 vertices by a copy of H1 , and by replacing 
in the resulting graph each of the 36 vertices by a copy of HI . It is easily 
checked that Ha is a 3-connected graph with r1(H3> = 324, that 
p(H,) = 274, and that each pair of its vertices is missed by a suitable 
simple path with 274 vertices. 
This completes the proof of Theorem 2. 
4. REMARKS 
1. In view of Tutte’s [22] result P,l = e,l = co, the degree of connec- 
tivity of the graphs in Theorem 1 clearly may not be increased. It would 
be of interest to construct graphs that establish the finiteness of Cz, etc. 
Probably such graphs may be obtained by replacing each vertex of G, by 
a copy of G1 “opened” at a vertex, in analogy to the construction used in 
the proof of Theorem 2. However, due to the smaller degree of symmetry 
of G, in comparison with H,, , the amount of checking needed appears to 
be unpleasantly large. 
2. Similarly, we have conjectured that the graph H4, obtained by 
replacing each vertex of H, by a copy of HI , may be used to establish 
Cs3 < co. However, C. Thomassen (private communication) has disproved 
this conjecture. 
3. Constructions analogous to those used in the proof of Theorem 1 
may be performed on the 3-valent, planar, 3-connected, cyclically4- 
connected non-Hamiltonian graph G, with v(G3) = 42 found by Grinberg 
[12] (compare Sachs [20], Griinbaum [13, p. 11441); however, to obtain 
an analog of G, , 38 of the vertices of G3 have to be replaced by B-vertex 
graphs, and the other four by triangles, so that the resulting graph 
establishes only c,’ < 240 and, by further modification, that P,l < 936. 
The same result may also be obtained by using another 3-valent planar, 
3-connected, cyclically-4-connected non-Hamiltonian graph G4 with 
u(G~) = 42, found by Faulkner ([lo, Fig 8.41; see also [l 1, Figure 21). 
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4. The question whether C,’ and Pkl are finite for k > 4 appears to 
be much harder, and not decidable by easy modifications of the techniques 
used for k < 3. 
5. In order to put our results in a different perspective, let us denote by 
I’(j, m), where m 3 j, the family of all graphs G such that v(G) - c(G) = m 
and that for every j vertices of G there exists a circuit of length c(G) 
missing those j vertices. A similar definition, with paths and p(G) instead 
of circuits and c(G), yields the families 17(j, ~2). The graphs G, and Gz 
constructed in the proof of Theorem 1 show that r(l, 3) and I7(1, 6) 
contain graphs that are planar and 3-connected. The graphs Hz and H3 
show that I’(2, 18) and I7(2, 50) contain 3-connected graphs. Walther [23] 
constructed, for each r > 0, connected planar graphs belonging to 
WI, 4 + r), and Zamfirescu [25] constructed a a-connected planar graph 
in 17(1, 7). 
6. The graphs G belonging to r(l, 1) are usually called hypo-Hamil- 
tonian, those belonging to 17(1, 1) hypotraceable. It is well known that 
the Petersen graph H,, (Figure 2) belongs to I’( I, I), and that r(l, 1) 
contains no graph with less than 10 = o(H,) vertices. This was noted by 
R. Sousselier long ago (see Berge [2, p. 214]), and has since been observed 
or proved very often (Berge [ 11, Herz-Gaudin-Rossi [15], Busacker- 
Saaty [5, pp. 43-461, Herz-Duby-ViguC [14], Berge [2, pp. 213-2171). It 
may easily be shown that no r(l, k) contains graphs with less than 10 
vertices. 
Many other graphs are known to belong to I’(l, I); infinite families of 
such graphs were constructed by R. Sousselier (see [14]), Lindgren [19], 
Bondy [4], Chvatal [7], Thomassen [21], and Jean Doyen (private com- 
munication). (The 18-vertex hypo-Hamiltonian graph described in [14] is 
isomorphic with the graph established as non-Hamiltonian in Bilinski- 
BlanuSa [3].) It is known that I’(], 1) contains for each v > 10 graphs 
with precisely v vertices, except that there are no such graphs if v = 11 or 
12, and the existence has not been decided if v = 14, 17, or 19. There are 
infinitely many 3-valent 3-connected graphs in r(l, 1), but it is not known 
whether for every even D 3 14 there exist such graphs with 0 vertices. 
7. It is probable that many of the families r(j, m) and fl(j, m) are 
empty, or contain no graphs of certain types. For example, we conjecture 
that the families IQ,j) and I7(k, k) are empty for all j > 2 and k 3 2. 
The non-existence of hypotraceable graphs (that is, IT(1, 1) = a) has 
been conjectured by Kapoor-Kronk-Lick [ 171, by Kronk [18], and in an 
early version of the present paper. However, a 3-connected hypotraceable 
graph with 40 vertices has been found by Horton [16], while Thomassen 
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[21] constructed 2-connected hypotraceable graphs with 34, 37, 39, 40 
vertices, and with any number > 42 of vertices. Similarly (compare 
ChvAtal [8]) we conjecture that r(l, 1) and T(l, 2) contain no planar 
graphs. Moreover, we conjecture that each r(j, k) contains only finitely 
many planar graphs. On the other hand, we conjecture that for every j 
there is a kj such that r(j, kj) and 17(j, kj) contain 3-connected planar 
graphs. 
Note Added in Proof (March 21, 1974). The assertion PI1 < 12, credited above to a 
private communication from T. Zamfirescu, will be part of his paper “On longest 
paths and circuits in graphs” (to appear). Among other results of that paper are: 
P,’ < 36, Cl’ < c,j < 3j + 3 for j = 1, 2 ,..., PI1 < 19, P,l < 32, p,” < 6,050, 
cz” < 1,550, pa,’ < 57,838, and csz < 14,818; the last inequality establishes the con- 
jecture made above in Remark 1. C. Thomassen (private communication) has disproved 
some of the conjectures made in Remark 7 above, by showing that r(l, k) contains 
infinitely many planar graphs for each k 2 2; the conjectures still appear to be valid 
for 3-connected planar graphs. Thomassen also determined, among other results of the 
paper “On hypohamiltonian graphs” (Aarhus Univ. Mat. Inst. Preprint Series 1973/74, 
No. 9), that (?,I < 15. The existence of a hypohamiltonian graph with 19 vertices is 
part of the results established by J. Doyen and V. van Diest in the paper “New families 
of hypohamiltonian graphs” (to appear). W. Schmitz (“iSber 1Lngste Wege und Kreise 
in Graphen,” to appear) established PI1 G 17, PI2 ,‘: 108, and c,” < 170. 
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